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No¨ther’s Second Theorem as an
Obstruction to Charge Quantization
Philip Phillips and Gabriele La Nave
Abstract While it is a standard result in field theory that the scaling dimen-
sion of conserved currents and their associated gauge fields are determined
strictly by dimensional analysis and hence cannot change under any amount
of renormalization, it is also the case that the standard conservation laws
for currents, dJ = 0, remain unchanged in form if any differential operator
that commutes with the total exterior derivative, [d, Yˆ ] = 0, multiplies the
current. Such an operator, effectively changing the dimension of the current,
increases the allowable gauge transformations in electromagnetism and is at
the heart of No¨ther’s second theorem. We review here our recent work on one
particular instance of this theorem, namely fractional electromagnetism and
highlight the holographic dilaton models that exhibit such behavior and the
physical consequences this theory has for charge quantization. Namely, the
standard electromagnetic gauge and the fractional counterpart cannot both
yield integer values of Planck’s constant when they are integrated around a
closed loop, thereby leading to a breakdown of charge quantization.
1 Preliminaries
Although No¨ther[12] has two theorems, the second is little known but ulti-
mately more important, as we will see. The first theorem which sits at the
foundation of gauge theories asserts that applying the gauge-invariant con-
dition of electromagnetism Aµ → Aµ + ∂µΛ to the Maxwell action
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2 Philip Phillips and Gabriele La Nave
S = −1
4
∫
ddx(F 2 + JµA
µ) (1)
results in the conservation law
∂µJµ = 0, (2)
with F = dA. Because Λ is a dimensionless function, [A] = 1 and the current
has fixed dimension [J ] = d − 1. Had we retained the dimensionful charge,
we would have that [qA] = 1. Note the covariant derivative, heuristically
written as D− iqA, only fixes the dimension of the product [qA] = 1. Hence,
it is entirely possible to construct theories[4] in which q and A have arbitrary
dimensions without changing how the gauge group acts. In what remains, we
have set q = 1 but our remarks apply to the dimensionful case as well. The
well known ambiguity (or “improvement transformations”[15]) of the current,
namely that the conservation laws remain fixed under shifting the current by
a total derivative of the form, J0 → J0 + ∂µXµ and Jµ → Jµ + ∂0Xµ, have
no effect on the conserved charge nor the dimension of the current. In fact
as Gross[6, 13] pointed out, because it is the action of the U(1) group that
ultimately fixes the dimension of the current through
δ(x0 − y0)[J0(x), φ(y)] = δφ(y)δd(x− y), (3)
the dimension of the current, [Jµ] = d − 1, is sacrosanct unless one changes
how the U(1) group acts.
This is the context[12] for NST. No¨ther[12] noticed that the form of the
conservation law for the current is determined by the order of the derivative
retained in the degeneracy condition for Aµ. In fact, there is no unique way
of specifying this as can be seen from the following argument. Consider the
Maxwell action,
S =
1
2
∫
ddk
2pid
Aµ(k)[k
2ηµν − kµkν ]Aν(k)
=
1
2
∫
ddkAµ(k)M
µνAν(k). (4)
All gauge transformations arise as zero-eigenvalues of M . For example,
Mµνkν = 0, (5)
which yields the standard gauge-invariant condition in electromagnetism be-
cause ikν is just the Fourier transform of ∂µ. The ambiguity that leads to
NST comes from noticing that if kν is an eigenvector, then so is fkν , where
f is a scalar. Whence, there are a whole family of eigenvectors,
Mµνfk
ν = 0, (6)
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that satisfy the zero eigenvalue condition, each characterizing a perfectly valid
electromagnetism. It is for this reason that No¨ther[12] devoted the second half
of her paper to the consequences of retaining all possible integer derivatives,
Aµ → Aµ + ∂µΛ+ ∂µ∂νGν + · · · , (7)
in the gauge-invariant condition for Aµ on the conservation laws for the cur-
rent. Stated succinctly, the second theorem finds that the full family of gener-
ators of U(1) invariance determines the dimension of the current not just the
linear derivative term Aµ → Aµ+∂µΛ. In general, the second theorem applies
anytime there are either a collection of infinitesimal symmetries or one sym-
metry parametrized by an arbitrary number of functions as in Eq. (7). What
No¨ther[12] found is that the higher-order derivatives in the gauge-invariant
condition add further constraints on the current. They can even change the
order of the current. However, as long as only integer derivatives[1] are re-
tained, the constraint equations yield no new content. It is for this reason
that No¨ther’s second theorem has garnered little interest.
However, there is a generalization of Eq. (7) that does yield non-trivial
results. Consider the fact that the current conservation equation remains
unchanged if a differential operator Yˆ exists such that [d, Yˆ ] = 0. If such an
operator exists then the conservation law becomes
∂µYˆ Jµ = ∂µJ˜µ = 0, (8)
which the redefines the current to be J˜ = Yˆ J . This is an ambiguity distinct
from the “improvement transformations” of the first theorem because Yˆ is
linked to the gauge symmetry. We can construct Yˆ directly from Eq. (6).
Since fkν is the generator of the gauge symmetry, there are some constraints
on f . 1) f must be rotationally invariant. 2) f cannot change the fact that
Λ is dimensionless; equivalently it cannot change the fact that A is a 1-form.
3) f must commute with the total exterior derivative; that is, [f, kµ] = 0
just as [d, Yˆ ] = 0. Hence, finding f is equivalent to fixing Yˆ . A form of f
that satisfies all of these constraints is f ≡ f(k2). In momentum space, k2 is
simply the Fourier transform of the Laplacian, −∆. As a result, the general
form of f(k2) in real space is just the Laplacian raised to an arbitrary power,
and the generalization in Eq. (6) implies that there are a multitude of possible
electromagnetisms (in vacuum) that are invariant under the transformation,
Aµ → Aµ + f(k2)ikµΛ, (9)
or in real space,
Aµ → Aµ + (−∆)γ∂µΛ, (10)
resulting in [Aµ] = 1 + 2[f ] = γ. The definition of the fractional Laplacian
we adopt here is due to Reisz:
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(−∆x)γf(x) = Cn,γ
∫
Rn
f(x)− f(ξ)
| x− ξ |n+2γ dξ (11)
for some constant Cn,γ . Note rather than just depending on the information
of f(x) at a point, the fractional Laplacian requires information everywhere
in Rn. The standard Maxwell theory is just a special case in which γ = 1. In
general, the theories that result for γ 6= 1 allow for the current to have an
arbitrary dimension not necessarily d − 1. Identifying Yˆ with the fractional
Laplacian yields the conservation law
∂µ(−∆)(γ−1)/2Jµ = 0. (12)
Conservation laws such as the one in Eq. (12) are in some sense more funda-
mental, as one can infer the standard ones from them but more importantly
they can occur earlier[9, 11] in the hierarchy of conservation laws that stem
from No¨ther’s first theorem. This is the same conclusion reached from the
degeneracy of the eigenvalue of Eq. (6). This consilience is not surprising
because the degeneracy of the eigenvalue is another way of stating No¨ther’s
second theorem. That is, the current is not unique in gauge theories. It is
the lack of the uniqueness of the current that yields a breakdown of charge
quantization. As expected, this ambiguity shows up at the level of the Ward
identities. The current-current correlator for the photon
Cij(k) ∝ (k2)γ
(
ηij − k
ikj
k2
)
(13)
does not just satisfy kµC
µν = 0 but also kγ−1kµCµν = 0. This translates into
either ∂µC
µν = 0, the standard Ward identity, or
∂µ(−∆)
γ−1
2 Cµν = 0 (14)
which illustrates beautifully the fact that the current conservation equation
only specifies the current up to any operator that commutes with the total
differential. As we mentioned previously, this appears to be the first time this
ambiguity has been linked to No¨ther’s Second Theorem.
Because the fractional Laplacian is a non-local operator, the corresponding
gauge theories are all non-local and offer a much broader formulation of
electricity magnetism than previously thought possible. All such anomalies
can be understood as particular instances of No¨ther’s Second Theorem. We
will show how such theories arise from holographic bulk dilaton models[8, 5]
and show that Eq. (8) leads to a breakdown of charge quantization as can be
seen from the fractional version of the Aharonov-Bohm effect[10, 11].
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2 Charge Quantization
Changing the dimension of the vector potential has profound consequences
for the quantization of charge. This can be seen immediately because the
integration of the gauge field around a closed loop
q
∮
A · d` = hZ (15)
must be an integer multiple of Planck’s constant, h. This condition amounts
to the integrability condition for the cohomology class of qA to be an integral
class. Consequently, charge quantization is equivalent to the geometric re-
quirement that the form FA = dA be indeed the curvature of a connection
D = d− qA on a U(1) principal bundle P. It is on this fact that the Byers-
Yang[2] theorem is based. Clearly then when [A] 6= 1, the integral above is
no longer dimensionless, leading to an inapplicability of the Byers-Yang the-
orem. What is required in such cases is the construction of a new fictitious
gauge field that does have the requisite dimension. While the new gauge will
preserve Eq. (15), the original one will not[8, 10]. Consequently, if it is the
fractional gauge field that describes the material in question, strictly speak-
ing, charge is not quantized. That is, both gauges cannot preserve Eq. (15)
simultaneously. Maxwell’s equations amount to setting f = 1 or γ = 1. As
f 6= 1 is a perfectly valid electromagnetism, charge quantization is essentially
a choice. This is a physical consequence of No¨ther’s second theorem.
3 Holographic Models with Fractional Gauge
Transformations
The preliminaries lay play that within a model with local interactions and
with U(1) symmetry in tact, there is no way around Gross’s[6] argument
that the dimension of the gauge field and the current are fixed to [A] = 1 and
[J ] = d − 1, respectively. However, No¨ther’s second theorem suggests that
other possibilities exist. Interestingly[17, 19], superconductivity provides a
simple counter example, in which the current,
Ji = −
∫
Kij(x,x
′)
(
Aj(x
′)−∇′jφ(x′)
)
d3x′ (16)
has dimension d − dK − 1 and hence is a non-local function of the gauge
field, A(x′) as a result of the kernel Kij which arises from expanding the free
energy around the minimum ∇φ−A = 0 with φ the U(1) phase. The Pippard
kernel[14], relevant to explaining the disorder dependence of the Meissner
effect, amounts to a particular choice for Kij . Holographic constructions offer
a possibility as a result of the extra dimension which allows for the boundary
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(either at the UV or the IR) to have properties quite distinct from the bulk.
A distinct claim of dilatonic models of the form
S =
∫
dd+1xdy
√−g
[
R− ∂φ
2
2
− Z(φ)
4
F 2 + V (φ)
]
,
(17)
is that the boundary gauge field acquires an anomalous dimension that is
determined solely by the asymptotic form of the action
SMax =
∫
dVddy(y
aF 2 + · · · ), (18)
where y is the radial coordinate in the anti-de Sitter spacetime. That such
models change the gauge structure at the boundary can be seen by interpret-
ing the dilaton term ya as a running charge coupling g(a) which depending
on the exponent a can yield a relevant interaction at either the UV or at the
IR horizon. In the standard holographic set-up[18, 7], the boundary lacks a
global U(1) structure only the bulk does where the gauge field acts as source
for the boundary current. That is, the conformal boundary, which we denote
by the zero of the radial coordinate, y = 0, is not imbued by a local gauge
structure in which A(y = 0, x) = A‖+dΛ. More explicitly, once the boundary
condition is set, A(y = 0, x) = A‖, the gauge degree of freedom is lost. Of
course, the gauge structure can be reinstated simply by changing the bound-
ary conditions from Dirichlet to von Neumann. Alternatively, the theory can
have a non-trivial structure at the IR or at the horizon. Theories valid at
either the UV or the IR boundary can be constructed using the membrane
paradigm[16]. In this case, this approach is particularly apropos as either the
IR or UV limits are relevant depending on the value of a as can be seen from
the equations of motion,
∇µ(ρaFµν) = 0, (19)
where we have introduced the radius ρ = r− rh which measures the distance
from the horizon. As depicted in Fig. (1) it is the IR limit which is relevant
if a > 0 and the UV in the opposite limit.
To construct solve this boundary value problem, we appeal to a well known
theorem in analysis. In 2007, Caffarelli and Silvestre (CS)[3] proved that
standard second-order elliptic differential equations in the upper half-plane
in Rn+1+ reduce to one with the fractional Laplacian, (−∆)γ , when one of
the dimensions is eliminated to achieve Rn. For γ = 1/2, the equation is
non-degenerate and the well known reduction of the elliptic problem to that
of Laplace’s obtains. The precise statement of this highly influential theorem
is as follows. Let f(x) be a smooth bounded function in Rn that we use to
solve the extension problem,
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a > 0
a
<
0
conformal boundary
horizon
A B
⇤ At
d(⇤⇢adA) = 0
⇢ = r   rh
Fig. 1 A.) A depiction on an AdS spacetime with a conformal boundary at r = ∞
and a black hole horizon at r = rh. The Maxwell-dilaton action in the bulk has
equations of motion of the form d(∗ρadA) = 0. B.) p-form generalization of the
Caffarelli-Silvestre[3]-extension theorem. At are the boundary (tangential) compo-
nents of the bulk gauge field, A. For a dilaton action in Rn with the equations of
motion d(∗yadA) = 0, the restriction of these equations of motion to the boundary
yields the fractional Box operator where the exponent is given by γ = (1 − a)/2.
Depending on the sign of a, the bulk dilaton action either yields fractional Maxwell
equations of motion at the conformal UV (a < 0) boundary or at the IR limit (a > 0)
demarcated by the horizon radius, rh.
g(x, y = 0) = f(x)
4xg + a
y
gy + gyy = 0, (20)
to yield a smooth bounded function, g(x, y) in Rn+1+ . f(x) functions as the
Dirichlet boundary condition of g(x, y) at y = 0. These equations can be
recast in degenerate elliptic form,
div(ya∇g) = 0 ∈Rn+1+ , (21)
which CS proved has the property that
lim
y→0+
ya
∂g
∂y
= Cn,γ (−4)γf (22)
for some (explicit) constant Cn,γ only depending on d and γ =
1−a
2 with
(−4)γ , the Reisz fractional Laplacian defined earlier. That is, the fractional
Laplacian serves as a Dirichlet to Neumann map for elliptic differential equa-
tions when the number of dimensions is reduced by one. Consider a simple
solution in which, g(x, 0) = b, a constant, but also gx = 0. This implies that
g(y) = b + y1−ah with (1 − a) > 0. Imposing that the solution be bounded
as y →∞ requires that h = 0 leading to a vanishing of the LHS of Eq. (22).
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The RHS also vanishes because (−∆x)γb = 0. As a final note on the theorem,
from the definition of the fractional Laplacian, it is clear that it is a non-local
operator in the sense that it requires knowledge of the function everywhere
in space for it to be computed at a single point. In fact, it is explicitly an
anti-local operator. Anti locality of an operator Tˆ in a space V (x) means that
for any function f(x), the only solution to f(x) = 0 (for some x ∈ V ) and
Tˆ f(x) = 0 is f(x) = 0 everywhere. Fractional Laplacians naturally satisfy
this property of anti-locality as can seen from their Fourier transform of Eq.
(11).
Eq. (19) is highly reminiscent of Eq. (21) of the CS construction. The only
difference is that g is a scalar in the CS-extension theorem and the gauge
field is a 1-form. Hence, the p-form generalization[11] of the CS-extension
theorem is precisely the tool we need to determine the gauge structure either
at the conformal boundary or at the horizon. The key ingredient in this proof
is the fractional differential. Because the Hodge Laplacian
∆ = dd∗ + d∗d : Ωp(M)→ Ωp(M), (23)
does not change the order of a p-form, as it is a product of d and d∗, it can
be used to define the fractional differential
dγ = d∆
γ−1
2 = ∆
γ−1
2 , d∗γ = d
∗∆
γ−1
2 . (24)
Since [d,∆b] = 0 for any power b, a key benefit of dγ is that the composition
(dγd
∗
γ + d
∗
γdγ)ω = ∆
γω (25)
offers a way of computing the action of fractional Laplacian on the differential
form ω.
These definitions allow an immediate construction of the p-form general-
ization of the CS-extension theorem. for α ∈ Ωp and a bounded solution to
the extension problem
d(yad∗α) + d∗(yadα) = 0 ∈M × R+
α |∂M= ω and d∗α |∂M= d∗xω, (26)
then
lim
y→0
yaiνdα = Cn,a(∆)
γω, (27)
with 2γ = 1 − a and where iV ω indicates the (p − 1)-form determined by
iV ω(X1, · · · , Xp−1) = ω(X1, · · · , Xp−1, V ), ν = ∂∂y , for some positive con-
stant Cn,a. This is the p-form generalization of the Caffarelli/Silvestre exten-
sion theorem. It implies that the CS extension theorem on forms is the CS
extension theorem on the components of the p-form. The method of proof
was simply component-by-component. The succinct statement in terms of
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the components is easiest to formulate from the equations of motion
div(ya∇αi1···ip) = 0 ∈M × R+(
αi1···ip
) |∂M= ωi1···ip and d∗α |∂M= d∗xω. (28)
Therefore, using the CS theorem, we have that
lim
y→0
ya
∂αi1···ip
∂y
= Cn,a(−∆)α ωi1···ip , (29)
which proves that
lim
y→0
yaiνdα = (∆)
aω, (30)
since by (elliptic) regularity of solutions to Eq. (26)
lim
y→0
ya
∂α0`1,···`p−1
∂xjk
= 0. (31)
Applying this result to the dilaton equations of motion, Eq. (19) results
in the fractional Maxwell equations
∆γAt = 0. (32)
for the boundary components of the gauge field. Since the only restriction is
that 2γ = 1 − a, this proof applies equally, with the use of the membrane
paradigm[16], at the conformal boundary and the horizon. Hence, even the
dynamics in the IR (horizon) are governed by a fractional Maxwell action.
The curvature that generates these boundary equations of motion is
Fγ = dγA = d∆
γ−1
2 A, (33)
with gauge-invariant condition,
A→ A+ dγΛ, (34)
where the fractional differential is as before in Eq. (24) which preserves the
1-form nature of the gauge field. This feature is guaranteed because by con-
struction, the fractional Lagrangian cannot change the order of a form. As is
evident, [Aµ] = γ, rather than unity. This gauge transformation is precisely
of the form permitted by the preliminary considerations on No¨ther’s second
theorem presented at the outset of this article and also consistent with the
zero eigenvalue of the matrix M in Eq. (4).
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4 No¨ther’s Second Theorem Revisited
In order to determine how the fractional gauge acts, we first define the co-
variant derivative. To this end, we consider the ansatz,
Dα,β,Aφ = (d+ iβA)αφ, (35)
with α and β to be determined. The reason behind this ansatz for the covari-
ant derivative is that we require the existence of a non-local transformation
of the field φ, the vector potential A and the infinitesimal gauge group gener-
ator Λ such that the covariant derivative transforms in the usual way Dα,β,A
to the standard DA′φ
′ = (d+ iA′)φ′ with the field redefinitions
φ′ = αφ A′ = βA. (36)
The Gauge action on φ′ and A′ is thus the classical one
φ′ → eiΛ′φ′ A′ → A′ + dΛ′ (37)
and
DA′
(
eiΛ
′
φ′
)
= eiΛ
′
DA′+dΛ′φ
′. (38)
Following the non-local transformations of Eq. (36), it is natural to suppose
a field redefinition for the infinitesimal generators of the Gauge group as
Λ′ = δΛ. (39)
Naturally, after such a change, there is only one way to define the Gauge
group action,
eiΛ  φ = −α
(
ei
δΛαφ
)
, (40)
to make Dα,β,A equivariant. The equivariant condition is then
Dα,β,A
(
eiΛ  φ) = eiδΛDα,β,A+dδΛφ. (41)
We will define the curvature of Dα,β,A to be
Fα,β,Aφ = (d+ iβA)Dα,β,Aφ. (42)
This definition has the feature that it reduces to the curvature FA′ after the
transformations in Eq. (36). In fact, it also reduces to the curvature FβA
after the mere change of fields φ → φ′. At this point, we have not fixed the
values of α, β and δ. There are three natural conditions which we impose that
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will determine uniquely their values (hence the covariant derivative) and the
nature of the Gauge group action at the same time:
1. Dα,β,Aφ restricts to the fractional differential dγφ on functions when A =
0.
2. The Gauge group action on connection fields must be A→ A+ dγΛ.
3. The curvature Fα,β,A = idγA.
The restriction that the covariant derivative reduce to the fractional differ-
ential, dγ , when the fields are functions (Condition 1) imposes that α =
γ−1
2 .
Next, we use Condition 2 to determine the value δ. A quick read of Eq. (41)
will convince the reader that the Gauge transformation sends A to A+dδΛ.
Therefore, in order for condition 2 to hold, we require that δ = γ−12 . Finally,
in order to satisfy Condition 3, we make explicit the formula in Eq. (42).
Fα,β,Aφ = (d+ iβA)(d+ iβA)αφ
= ddαφ+ id
(
βAαφ
)
+ iβAdαφ−βA ∧βAαφ
= id(βA)φ− iβAdαφ+ iβAdαφ = id(βA)φ. (43)
Therefore for Condition 3 to hold, we require that β = γ−12 . Summarizing,
we have
Dγ,Aφ = (d+ i
γ−1
2 A)
γ−1
2 φ
eiΛ  φ =  1−γ2
(
ei
γ−1
2 Λ
γ−1
2 φ
)
Fγ,A = (d+ i
γ−1
2 A)Dγ,Aφ, (44)
and the equivariance condition is
Dγ,A
(
eiΛ  φ) = ei γ−12 ΛDα,β,A+dγΛφ. (45)
We can now put No¨ther’s second theorem in this context of the redefined
fields A′ and φ′. What we will show is that the standard version of No¨ther’s
second theorem can be applied straightforwardly to a gauge action with A′
and φ′ which can then be translated back to its non-local counterpart in
terms of A and φ. Given a schematic action for some field Φ(x),
S(Φ) =
∫
dxL(x,Φ(x)), (46)
we consider the infinitesimal action of Lie algebras and infinitesimal genera-
tors represented by vector fields
X = (DIQ
α)
∂
∂Φα,I
, (47)
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with DI = D
i1
1 · · ·Dipp for any multi-index I = (i1, · · · , ip), Φ(x)α,I =
∂
∂xi1
· · · ∂
∂xip
Φα, and Dm =
∂
∂xm
+
∑
α,I
∂Φα,I
∂xm
∂
∂Φα,I
by solving the (linearized)
symmetry conditions
X(Eα(L)) = 0, (48)
where Eα(L) are the Euler-Lagrange operators
Eα(L) = (−1)|I|DIL (49)
and |I| = ∑m im. The solution, Q(Φ) = (Q1, · · ·Qq) is called the character-
istic of the symmetries generated by X. No¨ther’s second theorem can now be
stated as follows.
Theorem 1. The action S admits an infinite dimensional group of symme-
tries with characteristics Q(Φ,B) that depend on arbitrary functions B if and
only if there exist differential operators Pi such that∑
i
PiEi(L) = 0. (50)
In this language, the content of the second theorem is that Pi are determined
by the vector field X and the statement is that there are infinitely many
characteristics, that is, charges, if the sum preserves the total symmetry of
the Euler-Lagrange equations.
We apply this discussion and No¨ther’s second theorem to the Lagrangian
L′ =
1
4
F ′µνF
′µν + (D′A)µφ
′(D′A)
µφ′ +m2φ′φ′∗ (51)
of the redefined fields A′, φ′ defined in the previous section. The Euler-
Lagrange equations have components
Eφ′(L) ≡ − ((D′A)µ(D′A)µφ′)∗ +m2φ′∗ = 0
Eφ′∗(L) ≡ −(D′A)µ(D′A)µφ′ +m2φ′ = 0
EAµ(L) ≡ iφ′ ((D′A)µφ′)∗ − iφ′∗(D′A)µφ′ + ηµαFαβ,β = 0.
(52)
Amongst the variational symmetries, one finds the Gauge symmetries
φ′ → eiΛ′φ′; A′ → A′ + dΛ′ (53)
The generalized characteristics of the Gauge symmetries in components define
an infinite set of charges
Qφ
′
= −iφ′B Qφ′∗ = i(φ′)∗B Qµ = ηµνB,ν , (54)
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for some arbitrary real function B. The differential identity, Eq. (50), in
No¨ther’s theorem is now
−iφ′Eφ′(L) + iφ′∗Eφ′∗(L′)−Dα (ηµνEν(L′)) = 0, (55)
where Dα is the total derivative. The key here is that the charges are arbitrary
but yield nothing new[1] in the classical theory where only integer derivatives
are present. Clearly this is an operator equation as one can see by carrying
out the calculations for
∫ DφDAe−S(φ,A) with arbitrary insertions.
When going back to the fields A, φ and the infinitesimal Gauge parameter
Λ, we find that there is now a new non-trivial relation which gives rise to the
action A → A + dγΛ and a new charge Q =
∫
jγ which did not exist in the
theory corresponding to the action S′ (i.e., the classical Maxwell’s equations).
Effectively, one can see the fractional Maxwell equations as emergent from
imposing the symmetry to be generated by the non-local action ei
αΛ for
some α.
5 Aharonov-Bohm and Charge Quantization
The inherent problem the degree of freedom f (see Eq. (6)) introduces into
electro-magnetism is that the multiplicity of gauge fields that are related by
the fractional Laplacian, A and A′, each satisfy∫
Σ
dγA =
∮
∂Σ
A′, (56)
with A′ = ∆
(γ−1)
2 A. As pointed out previously, although this equality follows
from Stokes’ theorem, the result does not seem to have the units to be a
quantizable flux. That is, it is not simply an integer ×hc/e. The implication
is then that the charge depends on the scale. In fact, because [d,γ ] = 0, the
equations of motion can be rewritten as

γ−1
2 d(?d
γ−1
2 A) = ?J. (57)
The current that emerges when Eq. (57) is invertible has the equations of
motion,
d(?dA˜) = ?
1−γ
2 J ≡ ?j. (58)
Similarly, the classical electromagnetic gauge a ≡  1−γ2 A ≡ 1−γA′, hence
having unit dimension, obeys the equations of motion
d(?da) = 1−γj =  32 (1−γ)J. (59)
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Each of these choices for the gauge field defining different currents are all
equally valid descriptions of nature. The problem is that they are not all
quantizable simultaneously. For example, we have shown[9] that
Norm
(∫
`
A′
)
=
∫
`
A
Γ (s+ 1)
, (60)
with s = 1−γ2 , provided γ < 1, and∫
`
A′ = 0 (61)
if γ > 1. Hence, the line integral A or A′ cannot both yield integer values,
the basic requirement for quantization. Similarly,
Norm
(∫
`
a
)
=
∫
`
A
Γ (s+ 1)
(62)
with s = 1−γ2 , when γ > 1 and ∫
`
a = 0 (63)
when γ < 1.
All of this is a consequence of No¨ther’s second theorem: ambiguity in the
gauge transformation leads to a breakdown of the standard charge quantiza-
tion rules. What is the convention then for choosing the value of γ? The an-
swer is material dependent. If either A or A˜′ are the physical gauge fields then
the corresponding electric and magnetic fields in the material are indeed frac-
tional. That is, each has an anomalous dimension. Consequently, the flux en-
closed in a disk of radius r is no longer pir2B simply because [B] 6= 2 and hence
a failure of the key ingredient of the Byers-Yang theorem[2]. The Aharonov-
Bohm phase in this case for the disk geometry shown in Fig. (2) must be
constructed by constructing using the fictitious gauge a ≡  1−γ2 A ≡ 1−γA′
so that the correct dimensions are engineered in the usual covariant deriva-
tive d − iqa. The result for the phase when a is integrated around a closed
loop
∆φD =
e
~
pir2αBR
2α−2
(
22−2αΓ (2− α)
Γ (α)
2F1(1− α, 2− α, 2; r
2
R2
)
)
. (64)
involves the standard result, pir2B multiplied by a quantity that depends on
the total outer radius of the sample such that the total quantity is dimen-
sionless. Here 2F1(a, b; c; z) is a hypergeometric function and the terms in the
parenthesis reduce to unity in the limit α→ 1. This is the key experimental
prediction of the fractional formulation of electricity and magnetism: the flux
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depends on the outer radius. This stems from the non-local nature of the un-
derlying theory and is the key signature that charge is no longer quantized
in that is determined by a topological integral.
Fig. 2 Disk geometry for the Aharonov-Bohm phase[10]. The fractional magnetic
field pierces the disk in a small region of radius, r.
6 Concluding Remarks
In actuality, the ambiguity in defining the redundancy condition for the gauge
field, Eq. (6), ultimately leads to a landscape problem for charge quantization.
This is the physical import of No¨ther’s Second Theorem and the guiding
mathematical idea behind our work on fractional electromagnetism[11, 9, 10].
There is no easy fix here. Each choice for γ defines a valid vacuum theory of
electromagnetism. Ultimately it is a materials problem whether or not the
fractional or standard gauge describe the interaction of matter with radiation.
In this sense, charge is ultimately emergent.
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